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Abstract
Copulas provide a key ingredient in the field of quantitative risk management because of their flexibility 
upon investigating dependence relations among random variables. Except for several examples, however, 
copulas are mainly concerned with the static problems, not with the time-dependent situations. In this paper, 
on the other hand, we deal with the evolution of copulas in discrete processes with multivariate cases, which 
extend our previous results on the time evolution of copulas and are expected to enhance the applicability of 
one method to financial mathematics.
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1. Introduction 
There has been much interest in the study of copulas. As is well known, a copula function, or simply a 
copula, is well employed tool for investigating the dependence structure among random variables. Copulas 
make a link between multivariate joint distributions and univariate marginal distributions. Because of their 
flexibility, copulas have been extensively studied and applied in a wide range of areas concerning the problem 
of dependence relations, which include the risk management, the insurance and/or the financial mathematics, 
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the seismological analysis, and so on. Copulas are considered, in particular, as an important ingredient in 
sophisticated method for the evaluation of various financial instruments. In this sense, the research on the 
copula theory is highly indispensable for the purpose of understanding the mechanism of financial systems.
Copulas, however, are concerned mainly with the static problems; the definition (see section 2) does not 
involve the time variable. There exist of course a few attempts which deal with the time variable in the copula 
theory. We recall the study on the copulas with the Markov processes by Darsow, W.F, Nguyen, B. and Olsen,
E.T. (1992), and also on the dynamic copulas by Patton, A.J. (2006). The former examines the dependence 
relation between the Markov processes at different times. The latter makes the connection with the 
econometric time series.
On the other hand, we have proposed the concept of the evolution of copulas both in continuous and 
discrete times in Ishimura, N. and Yoshizawa, Y. (2011a), and Yoshizawa,Y. and Ishimura, N. (2011), which 
proclaims that a copula itself evolves according to the time. Here we wish to extend our concept in discrete 
processes with multivariate copulas. In discrete processes, it is not so hard to derive the evolution of 
multivariate cases. We hope that our effort will enlarge the applicability of copula method. The organization 
of the paper is as follows: We recall in section 2 the definition and basic properties of copulas. Section 3 is 
devoted to our previous establishments on the evolution of copulas in continuous time. The discrete case is 
treated in section 4. We conclude with discussions in section 5.
2. Copula
Let us begin with recalling the definition of copula and the fundamental theorem due to Sklar, A. (1973).
Definition 1. A function ܥ defined on ܫௗ ׷= [0,1]ௗ and valued in ܫ is called a copula if the following three 
conditions are fullfilled.
(i)  ܥ(ݑଵ,ݑଶ,ڮ ,ݑௗ) is increasing in each component ݑ௜ .
(ii) For every ݅ א {1,ڮ ,݀}, ݑ௜ א ܫ
ܥ(ݑଵ,ڮ ,ݑ௜ିଵ, 0,ݑ௜ାଵ,ڮ ,ݑௗ) = 0, ܥ(1,ڮ 1,ݑ௜, 1ڮ 1, ݐ) = ݑ௜ . 
(iii) (d-increasing condition) 
For every ൫ݑଵ௜భ ,ݑଶ௜మ ,ڮ ,ݑௗ௜೏൯ א ܫ
ௗ, ௝݅ = 1 or2,ݑ௜ଵ ൑ ݑ௜ଶ for ݅, ݆ א {1,ڮ ,݀}
෍ڮ෍ (െ1)௜భା௜మାڮା௜೏  ܥ൫ݑଵ௜భ ,ڮ ,ݑௗ௜೏ , ݐ൯ ൒ 0 .
ଶ
௜೏ୀଵ
ଶ
௜భୀଵ
The bivariate copula is of special interest. We repeat the definition in this case for the reader’s 
convenience.
Definition 2.  A function ܥ defined on ܫଶ and valued in ܫ is called a (bivariate) copula if the following three 
conditions are fullfilled.
(i) For every (ݑ, ݒ) א ܫ
(1)        ܥ(ݑ, 0) = ܥ(0, ݒ) = 0, (ݑ, 1) = ݑ and ܥ(1, ݒ) = ݒ .
(ii) (2-increasing condition) 
For every ൫ݑ௜, ݒ௝൯ א ܫଶ (݅, ݆ = 1,2), with ݑଵ ൑ ݑଶ  and  ݒଵ ൑ ݒଶ
(2)        ܥ(ݑଶ, ݒଶ)െ  ܥ(ݑଶ, ݒଵ)െ  ܥ(ݑଵ, ݒଶ) + ܥ(ݑଵ, ݒଵ) ൒ 0 .
The well-known Sklar’s theorem is then stated as follows.
Theorem 3. (Sklar’s theorem) Let ܪ be a joint distribution function with marginal distribution 
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functions  ܨଵ,ܨଶ,ڮ ,ܨௗ .  Then there exist a copula  ܥ: ܫଶ ՜ ܫ , which is uniquely determined on Ranܨଵ ×
 Ranܨଶ ڮ× ܴܽ݊ ܨௗ such that, for all ݔ௜ א [λ.െλ] (݅ = 1,2,ڮ ,݀)
(3)                     ܪ(ݔଵ, ݔଶ,ڮ , ݔௗ) =  ܥ൫ܨଵ(ݔଵ),ܨଶ(ݔଶ),ڮ  ,ܨௗ(ݔௗ)൯ .
Conversely, if ܥ is a copula and ܨଵ,ܨଶ,ڮ ,ܨௗ are univariate distribution functions, then the function ܪ
defined by (3) is a joint distribution function with marginal distribution functions ܨଵ,ܨଶ,ڮ ,ܨௗ.
In particular, if ܪ is a bivariate jont distribution function with marginal distribution functions ܨ and ܩ;
that is,
                             lim௫՜ஶ ܪ(ݔ,ݕ) =  ܩ(ݕ) = ݑ , lim௬՜ஶ ܪ(ݔ,ݕ) =  ܨ(ݔ) = ݒ .
Then there exists a copula, which is uniquely determined on Ran ܨଵ × Ran ܨଶ, such that
(4)                        ܪ(ݔ,ݕ) = ܥ ൫ܨ(ݔ),ܩ(ݕ)൯ = ܥ(ݑ, ݒ) .
Conversely, if ܥ is a copula and ܨ and ܩ are distribution functions, then the function ܪ defined by (4) is 
a bivariate joint distribution function with marginal distribution functions ܨ and ܩ.
Here introduce the paper, and put a nomenclature if necessary, in a box with the same font size as the rest 
of the paper. The paragraphs continue from here and are only separated by headings, subheadings, images and 
formulae. The section headings are arranged by numbers, bold and 10 pt. Here follows further instructions for 
authors.
3. Evolution of copulas in continuous time
Now we turn our attention to the evolution of copulas, which we have introduced in Ishimura, N. and 
Yoshizawa,Y. (2011a). Let {ܥ(ݑ, ݒ, ݐ)}௧ஹ଴ be a time parameterized family of bivariate copulas, which satisfy 
the heat equation:
(5)                                
߲ܥ
߲ݐ
(ݑ, ݒ, ݐ) = ቆ
߲ଶ
߲ݑଶ
+
߲ଶ
߲ݒଶ
ቇܥ(ݑ, ݒ, ݐ) .                                              
Here, by the definition of copula, we understand that ܥ(ή, ή, ݐ) fulfils (1), (2); to be precisely, we postulate 
that
(i) For every (ݑ, ݒ, ݐ) א ܫଶ × (0,λ)
(6)        ܥ(ݑ, 0, ݐ) = ܥ(0, ݒ, ݐ) = 0, ܥ(ݑ, 1, ݐ) = ݑ and ܥ(1, ݒ, ݐ) = ݒ .
(ii) (2-increasing condition) 
For every ൫ݑ௜ , ݒ௝ , ݐ൯ א ܫଶ  × (0,λ)(݅, ݆ = 1,2), with ݑଵ ൑ ݑଶ  and  ݒଵ ൑ ݒଶ
(7)        ܥ(ݑଶ, ݒଶ, ݐ)െ  ܥ(ݑଶ, ݒଵ, ݐ)െ  ܥ(ݑଵ, ݒଶ, ݐ) + ܥ(ݑଵ, ݒଵ, ݐ) ൒ 0 .
The stationary solution to (5), which is referred to as the product copula, is uniquely determined to 
be  ȫ(ݑ, ݒ) ׷=  ݑݒ , in view of the boundary condition (1). We note that the copula  ȫ represents the 
independent structure between two respective random variables. The main establishment of Ishimura, N. and 
Yoshizawa, Y. (2011a) is the existence proof of solutions to (5), which satisfy the copula conditions (6), (7). 
In particular, the solution ܥ = ܥ(ݑ, ݒ, ݐ)is expressed as 
ܥ(ݑ, ݒ, ݐ) = ݑݒ + 4 ෍ ݁ିʌమ(௠మା௡మ)௧ sin݉Ɏݑ sin ݊Ɏݒඵ sin݉Ɏߦ sin ݊Ɏߟ (ܥ଴(ߦ, ߟ) െ ߦߟ)݀ߦ ݀ߟ
ூమ
.
ஶ
௠,௡ୀଵ
Our establishments are stated as follows.
Theorem 4. For any bivariate copula ܥ଴(ݑ, ݒ), there exists a unique family of time-parameterized bivariate 
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copulas {ܥ(ݑ, ݒ, ݐ)}௧ஹ଴such that
(8)                   
߲ܥ
߲ݐ
(ݑ, ݒ, ݐ) = ቆ
߲ଶ
߲ݑଶ
+
߲ଶ
߲ݒଶ
ቇ ܥ(ݑ, ݒ, ݐ)  for  (ݑ, ݒ, ݐ) א ܫ × (0,λ)
 ܥ(ݑ, ݒ, 0) = ܥ଴(ݑ, ݒ)   on (ݑ, ݒ) א ܫଶ.
Moreover we have
limݐ՜λ ܥ(ݑ,ݒ, ݐ) =ȫ(ݑ, ݒ)     uniformly  on ܫ2.
In the time-reversed version, we have the following theorem.
Theorem 5. For any bivariate copula ܥ்(ݑ, ݒ), where ܶ(> 0) denotes the maturity, there exists a unique 
family of time-parameterized bivariate copulas  {ܥ(ݑ, ݒ, ݐ)}଴ஸ௧ஸ் such that
          
߲ܥ
߲ݐ
(ݑ, ݒ, ݐ) + ቆ
߲ଶ
߲ݑଶ
+
߲ଶ
߲ݒଶ
ቇܥ(ݑ, ݒ, ݐ) = 0  for (ݑ, ݒ, ݐ) א ܫଶ × {0 ൑ ݐ ൑ ܶ},      
ܥ(ݑ, ݒ,ܶ) = ܥ்(ݑ, ݒ)               on (ݑ, ݒ) א ܫଶ. 
In addition to the above results, the convergence of the population version of Kendall’s tau  (ɒ) and 
Spearman’s rho (ɏ) is proved. These are well employed measures of association and represented in terms of 
copulas as follows (see Nelsen, R.B. (2006)): Let ܺ and ܻ be continuous random variables whose copula is ܥ.
Then we have
߬௑,௒ = ߬௖೟ = 4ඵ ܥ(ݑ, ݒ) ݀ܥ(ݑ, ݒ)
୍మ
െ 1 = 1 െ 4ඵ
߲ܥ
߲ݑ
(ݑ, ݒ)
߲ܥ
߲ݒ
(ݑ, ݒ) ݀ݑ ݀ݒ
ூమ
ߩ௑,௒ = ߩ௖೟ = 12ඵ ܥ(ݑ, ݒ)݀ݑ ݀ݒ െ 3 
ூమ
= 12ඵ (ܥ(ݑ, ݒ) െ ݑݒ)݀ݑ ݀ݒ.
ூమ
We obtain the next theorem in Ishimura, N. and Yoshizawa, Y. (2011b).
Theorem 6. Let ܥ௧ = ܥ(ݑ, ݒ, ݐ)) be a time-parameterized family of bivariate copulas, which satisfy (8). Then 
it follows that
                                          ห߬஼೟ห + หߩ஼೟ห ൑ ܣ݁
ି஻௧  
where ܣ and ܤ are positive constants.
In particular, ܥ௧ ՜ ȫ exponentially as ݐ ՜ λ.
4. Evolution of copulas in discrete processes
The evolution of bivariate copulas in discrete processes is introduced in Yoshizawa,Y. and Ishimura, N. 
(2011). We here extend the procedure to multivariate copulas.
ᇞ ݑଵ = ڮ=ᇞ ݑ௜ = ڮ =ᇞ ݑௗ ׷=
1
ܰ
,ᇞ ݐ ׷= ݄, ߣ ׷=
ᇞ ݐ
(ᇞ ݑ௜)ଶ
= ݄ܰଶ (݅ = 1,2,ڮ ,݀)
and for ݅ = 1,2,ڮ ,݀
              ݑ௜,௞೔ ׷= ݇௜ ᇞ ݑ௜ =
݇௜
ܰ
 (݇௜ = 0,1,ڮ ,ܰ). 
A family of copulas{ܥ௡(ݑଵ,ݑଶ,ڮ ,ݑௗ)}௡ୀ଴,ଵ,ଶ,ڮ, is defined similarly as the bivariate case in Yoshizawa,Y. 
190   Naoyuki Ishimura and Yasukazu Yoshizawa /  Procedia Economics and Finance  1 ( 2012 )  186 – 192 
and Ishimura, N. (2011): The initial condition is ܥ଴(ݑଵ,ݑଶ,ڮ ,ݑௗ) ׷= ܥ଴(ݑଵ,ݑଶ,ڮ ,ݑௗ) where ܥ଴denotes a 
given initial copula. At  ൛൫ݑଵ,௞భ ,ݑଶ,௞మ ,ڮݑௗ,௞೏൯ൟ௞భ,௞మ,ڮ,௞೏ୀ଴,ଵ,ଶ,ڮ,ே
, the value 
ܥ௞భ,௞మ,ڮ,௞೏
௡  ׷=  ܥ௡൫ݑଵ,௞భ ,ݑଶ,௞మ ,ڮ ,ݑௗ,௞೏൯ should be governed by the system of following difference equations
(9)     
ܥ௞భ,௞మ,ڮ,௞೏
௡ାଵ െ ܥ௞భ,ڮ,௞೔,ڮ,௞೏
௡
ᇞ ݐ
=
              ෍
ܥ௞భ,ڮ,௞೔షభ,௞೔ାଵ,௞೔శభڮ,௝೏
௡ െ 2ܥ௞భ,ڮ,௞೔షభ,௞೔,௞೔శభڮ,௝೏
௡ + ܥ௞భ,ڮ,௞೔షభ,௞೔ିଵ,௞೔శభڮ,௝೏
௡
(ᇞ ݑ௜)ଶ
ௗ
௜ୀଵ
The evolution of bivariate copulas in discrete processes is introduced in Yoshizawa,Y. and Ishimura, N. 
(2011). We here extend the procedure to multivariate copulas.
Let us define
ᇞ ݑଵ = ڮ=ᇞ ݑ௜ = ڮ =ᇞ ݑௗ ׷=
1
ܰ
,ᇞ ݐ ׷= ݄, ߣ ׷=
ᇞ ݐ
(ᇞ ݑ௜)ଶ
= ݄ܰଶ (݅ = 1,2,ڮ ,݀)
and for ݅ = 1,2,ڮ ,݀
              ݑ௜,௞೔ ׷= ݇௜ ᇞ ݑ௜ =
݇௜
ܰ
 (݇௜ = 0,1,ڮ ,ܰ). 
A family of copulas{ܥ௡(ݑଵ,ݑଶ,ڮ ,ݑௗ)}௡ୀ଴,ଵ,ଶ,ڮ, is defined similarly as the bivariate case in Yoshizawa,Y. 
and Ishimura, N. (2011): The initial condition is ܥ଴(ݑଵ,ݑଶ,ڮ ,ݑௗ) ׷= ܥ଴(ݑଵ,ݑଶ,ڮ ,ݑௗ) where ܥ଴denotes a 
given initial copula. At ൛൫ݑଵ,௞భ ,ݑଶ,௞మ ,ڮݑௗ,௞೏൯ൟ௞భ,௞మ,ڮ,௞೏ୀ଴,ଵ,ଶ,ڮ,ே
, the value 
ܥ௞భ,௞మ,ڮ,௞೏
௡  ׷=  ܥ௡൫ݑଵ,௞భ ,ݑଶ,௞మ ,ڮ ,ݑௗ,௞೏൯ should be governed by the system of following difference equations
(9)     
ܥ௞భ,௞మ,ڮ,௞೏
௡ାଵ െ ܥ௞భ,ڮ,௞೔,ڮ,௞೏
௡
ᇞ ݐ
=
              ෍
ܥ௞భ,ڮ,௞೔షభ,௞೔ାଵ,௞೔శభڮ,௝೏
௡ െ 2ܥ௞భ,ڮ,௞೔షభ,௞೔,௞೔శభڮ,௝೏
௡ + ܥ௞భ,ڮ,௞೔షభ,௞೔ିଵ,௞೔శభڮ,௝೏
௡
(ᇞ ݑ௜)ଶ
ௗ
௜ୀଵ
for ݇ଵ, ݇ଶ,ڮ , ݇ௗ = 0,1,ڮ ,ܰ െ 1 .
The boundary conditions are expressed as
ቊ
ܥ௞భ,ڮ,௞೔షభ,଴,௞೔షభ,ڮ,௞೏
௡ = 0
ܥே,ڮ,ே,௞೔ே,,ڮ,௝೏
௡ = ݑ௜,௞೔
     for  ݇௜ = 0,1,ڮ ,ܰ    (݅ = 1,2,ڮ ,ܰ).
As to the point  (ݑଵ,ݑଶ,ڮ ,ݑௗ) א ܫௗ other than ൛൫ݑଵ,௞భ ,ݑଶ,௞మ ,ڮݑௗ,௞೏൯ൟ௞భ,௞మ,ڮ,௞೏ୀ଴,ଵ,ଶ,ڮ,ே
, the 
value  ܥ(ݑଵ,ݑଶ,ڮ ,ݑௗ) is provided by interpolation; that is, if
ݑଵ,௞భ ൑ ݑଵ ൑ ݑଵ,௞భାଵ,ݑଶ,௞మ ൑ ݑଶ ൑ ݑଶ,௞మାଵ,ڮ ,ݑௗ,௞೏ ൑ ݑௗ ൑ ݑௗ,௞೏ାଵ  .
Then we define
(10)   ܥ௡(ݑଵ,ݑଶ,ڮ ,ݑௗ)
׷= ෍ڮ෍ ܵ(݇ଵ+݆ଵ, ݇ଶ + ݆ଶ,ڮ , ݇ௗ + ݆ௗ)
ଵ
௝೏ୀ଴
ଵ
௝భୀ଴
(ݑଵ െ ݑଵ,௞భ)
௝భ(ݑଶ െ ݑଶ,௞మ)
௝మ ڮ (ݑௗ െ ݑௗ,௞೏)
௝೏
where we have put
ܵ(݇ଵ+݆ଵ, ݇ଶ + ݆ଶ,ڮ , ݇ௗ + ݆ௗ) ׷= ෍ڮ෍ (െ1)௜భାڮା௜೏ାூభାڮାூ೏
௝೏
ூ೏ୀ଴
௝భ
ூభୀ଴
ܥ௞భାூభ,௞మାூమ,ڮ,௞೏ାூ೏
௡ .
We remark that ܵ(݇ଵ+݆ଵ, ݇ଶ + ݆ଶ,ڮ , ݇ௗ + ݆ௗ) are all non-negative by virtue of the d-increasing condition. 
We also note that if all ܥ௞భାூభ,௞మାூమ,ڮ,௞೏ାூ೏
௡ = ς ݑ௜,௞೔ାூ೔
ௗ
௜ୀଵ   then  ܥ௡(ݑଵ,ݑଶ,ڮ ,ݑௗ) reduces to ς ݑ௜ௗ௜ୀଵ , for 
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ݑଵ,௞భ ൑ ݑଵ ൑ ݑଵ,௞భାଵ,ݑଶ,௞మ ൑ ݑଶ ൑ ݑଶ,௞మାଵ,ڮ ,ݑௗ,௞೏ ൑ ݑௗ ൑ ݑௗ,௞೏ାଵ.
It is easy to check that a sequence of copulas {ܥ௡(ݑଵ,ݑଶ,ڮ ,ݑௗ)}௡ୀ଴,ଵ,ଶ,ڮ is well defined and the 
difference scheme is stable provided ߣ ൑ 1/2݀. Furthermore, we infer that
max
(௨భ,௨మ,ڮ,௨೏)אூ೏
ฬܥ௡(ݑଵ,ݑଶ,ڮ ,ݑௗ)െෑ ݑ௜
ௗ
௜ୀଵ
ฬ ൑ ܭߠ௡
for some constants ܭ, ߠ with 0 <  ߠ < 1.
In summary, the similar result as Theorem 4 holds also true.
Theorem 7. For any initial copula ܥ଴ of d-dimension, there exists a sequence of copulas 
{ܥ௡(ݑଵ,ݑଶ,ڮ ,ݑௗ)}௡ୀ଴,ଵ,ଶ,ڮ, which satisfy the system of difference equations (9) at 
every ൛൫ݑଵ,௞భ ,ݑଶ,௞మ ,ڮݑௗ,௞೏൯ൟ௞భ,௞మ,ڮ,௞೏ୀ଴,ଵ,ଶ,ڮ,ே
. As ݊ ՜ λ, it follows that
ܥ௡(ݑଵ,ݑଶ,ڮ ,ݑௗ) ՜ෑ ݑ௜   uniformly on  ܫௗ .
ௗ
௜ୀଵ
Here we omit the details of the proof and other properties.
Remark 8. For the readers’ sake, we write down explicitly the formula (10) in the case of ݀ =  3. Changing 
the notation as ݑଵ ՜ ݑ,ݑଶ ՜ ݒ,ݑଷ ՜ ݓ  and  ݇ଵ ՜ ݅, ݇ଶ ՜ ݆, ݇ଷ ՜ ݇ , we have, for ݑ௜ ൑ ݑ ൑ ݑ௜ାଵ, ݒ௝ ൑ ݒ ൑
ݒ௝ାଵ, ݓ௞ ൑ ݓ ൑ ݓ௞ାଵ,
  ܥ௡(ݑ, ݒ,ݓ) ׷= ܥ௜,௝,௞௡
      +
ܥ௜ାଵ,௝,௞௡ െ ܥ௜,௝,௞௡
ݑ௜ାଵ െ ݑ௜
(ݑ െ ݑ௜) +  
ܥ௜,௝ାଵ,௞௡ െ ܥ௜,௝,௞௡
ݒ௝ାଵ െ ݒ௝
൫ݒ െ ݒ௝൯ + 
ܥ௜,௝,௞ାଵ௡ െ ܥ௜,௝,௞௡
ݓ௝ାଵ െ ݓ௝
൫ݓ െ ݓ௝൯
      +  
ܥ௜ାଵ,௝ାଵ,௞௡ െ ܥ௜ାଵ,௝,௞௡ െ ܥ௜,௝ାଵ,௞௡ + ܥ௜,௝,௞௡
(ݑ௜ାଵ െ ݑ௜)(ݒ௝ାଵ െ ݒ௝)
(ݑ െ ݑ௜)൫ݒ െ ݒ௝൯
      +  
ܥ௜ାଵ,௝,௞ାଵ௡ െ ܥ௜ାଵ,௝,௞௡ െ ܥ௜,௝,௞ାଵ௡ + ܥ௜,௝,௞௡
(ݑ௜ାଵ െ ݑ௜)(ݓ௝ାଵ െ ݓ௝)
(ݑ െ ݑ௜)൫ݓ െ ݓ௝൯
      +  
ܥ௜,௝ାଵ,௞ାଵ௡ െ ܥ௜,௝ାଵ,௞௡ െ ܥ௜,௝,௞ାଵ௡ + ܥ௜,௝,௞௡
(ݒ௜ାଵ െ ݒ௜)(ݓ௝ାଵ െ ݓ௝)
(ݒ െ ݒ௜)൫ݓ െ ݓ௝൯
      +  
ܥ௜ାଵ,௝ାଵ,௞ାଵ௡ െ ܥ௜ାଵ,௝ାଵ,௞௡ െ ܥ௜ାଵ,௝,௞ାଵ௡ െ ܥ௜,௝ାଵ,௞ାଵ௡ + ܥ௜ାଵ,௝,௞௡ + ܥ௜,௝ାଵ,௞௡ + ܥ௜,௝,௞ାଵ௡ െ ܥ௜,௝,௞௡
(ݑ௜ାଵ െ ݑ௜)൫ݒ௝ାଵ െ ݒ௝൯൫ݓ௝ାଵ െ ݓ௝൯
               ή (ݑ െ ݑ௜)൫ݒ െ ݒ௝൯൫ݓ െ ݓ௝൯,
where ܥ௜,௝,௞௡ ׷= ܥ௡൫ݑ௜ , ݒ௝ ,ݓ௝൯. If ܥ௜ା௟೔,௝ା௟ೕ,௞ା௟ೖ
௡ = ݑ௜ା௟೔ݒ௝ା௟ೕݓ௝ା௟ೖ  (݈௜ , ௝݈ , ݈௞ = 0,1), then  ܥ
௡(ݑ, ݒ,ݓ) = ݑݒݓ on 
the interval ݑ௜ ൑ ݑ ൑ ݑ௜ାଵ, ݒ௝ ൑ ݒ ൑ ݒ௝ାଵ, ݓ௞ ൑ ݓ ൑ ݓ௞ାଵ as claimed.
5. Discussions
Copulas are now actively studied topics for researches from the purely theoretical standpoint to the 
demand of vast areas of applications. One reason is that the copula technique provides a flexible way of 
describing the description of the dependence structure among random environment. For references, we recall 
for instance the works of Frees, E.W. and Valdez, E.A. (1998), Goda, K. and Atkinson, G.M. (2009) and 
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McNeil, A.J., Frey, R. and Embrechts, P. (2005). The book by Nelsen, R.B. (2006) gives an excellent 
introduction to this area.
The copula theory, however, is principally concerned with the static problems. The notion of the evolution 
of bivariate copulas we have introduced both in continuous and discrete processes is exceptional in a sense, 
where the copula itself evolves according to the time variable. Along with this evolution, every copula
converges to the typical product copula, which is not so welcome from the viewpoint of finance. In real 
applications, the time-reversal version like Theorem 5 may be useful.
In this article, we extend the evolution of copulas in discrete setting with multivariate cases. The discrete 
evolution is then well-defined and the convergence is proved. Since the construction of multivariate copulas is 
known to be challenging, our method may be used as another way of such construction. It may also be 
possible to show the convergence as the mesh size of space and/or time tends to zero. It is expected that the 
limiting copula will satisfy some partial differential equation. This is certainly a fascinating subject for further 
investigations.
Acknowledgements
The first author (N.I.) is supported in part by the grant from the Japan Society for the Promotion of 
Sciences (No.21540117) as well as the research grant (2011) from the Tokio Marine Kagami Memorial 
Foundation. These and the Reference headings are in bold but have no numbers. Text below continues as 
normal. 
References
Darsow, W.F, Nguyen, B. and Olsen, E.T. (1992), ‘ Copulas and Markov processes, Illinois J. Math., 36: 600-642.
Frees, E.W. and Valdez, E.A. (1998), ‘Understanding relationships using copulas’, North American Actuarial J.,2: 1-25.
Goda, K. and Atkinson, G.M. (2009), ‘Interperiod dependence of ground-motion prediction equations’, A copula perspective, Bull. 
Seismological Soc. Amer., 99: 922-927.
Ishimura, N. and Yoshizawa, Y. (2011a), ‘On time-dependent bivariate copulas’, Theor. Appl. Mech. Japan, 59: 303-307.
Ishimura, N. and Yoshizawa, Y. (2011b), ‘A note on the time evolution of bivariate copulas’, in “the Proceedings of the Fourth 
International Conference, Financial and Actuarial Mathematics, FAM-2011,” edited by P. Stoynov, Perun-Sprint Ltd., Sofia, 
Bulgaria : 3-7.
Ishimura, N. and Yoshizawa, Y. (2012), ‘On the evolution of copulas’, to appear in “the Proceedings of Multiscale Mathematics: 
Hierarchy of Collective Phenomea and Interrelations between Hierarchical Structure,” Eds. Fukumoto, Y., COE Lecture Notes 
series, Kyushu University.
Li, D.X. (2000), ‘On default correlation: A copula function approach’, J. Fixed Income, 9: 43-54.
McNeil, A.J., Frey, R. and Embrechts, P. (2005), Quantitative Risk Management, Princeton Univ, Press, Princeton.
Nelsen, R.B. (2006), An Introduction to Copulas, 2nd edition, Springer Series in Statistics, Springer, New York.
Patton, A.J. (2006), ‘Modelling asymmetric exchange rate dependence’, International Econ. Review, 47, 527-556.
Sklar, A. (1973), ‘Random variables, joint distribution functions, and copulas’, Kybernetika, 9: 449-460.
Yoshizawa,Y. and Ishimura, N. (2011), ‘Evolution of bivariate copulas in discrete processes’, JSIAM Letters, Vol. 3: 77-80.
